Abstract. Let S(n) be a collection of subsets of {1, ..., n}. In this paper we study numerical obstructions to the existence of orderings of S(n) for which the cardinalities of successive subsets satisfy congruence conditions. Gray code orders provide an example of such orderings. We say that an ordering of S(n) is a Gray code order if successive subsets differ by the adjunction or deletion of a single element of {1, . . . , n}. The cardinalities of successive subsets in a Gray code order must alternate in parity. It follows that if d(S(n)) is the difference between the number of elements of S(n) having even (resp. odd) cardinality, then |d(S(n))| − 1 is a lower bound for the cardinality of the complement of any subset of S(n) which can be listed in Gray code order.
1. Introduction 1.1. About Gray codes. Suppose we have some set S of objects, and we want to make a list of all of the objects in S. An interesting way to do that, particularly if our goal is to design a fast listing algorithm, might be to define a certain set of elementary transformations, and then attempt to make a list of the elements of S in such a way that each element is obtained from its immediate predecessor on the list by a single elementary transformation. That might or might not be possible to do. If it is possible then we may say that a Gray code for this situation does exist, and it is the list that satisfies the conditions stated.
If S is the set of all 2 n of the subsets of a set of n things, we might take for the elementary transformations the operations of adjoining a single element to a set or 380 TED CHINBURG, CARLA D. SAVAGE, AND HERBERT S. WILF of deleting a single element from the set. It is possible then, for every n, to list S in Gray code order. For instance when n = 3 we have the list S = {{∅}, {1}, {1, 2}, {2}, {2, 3}, {1, 2, 3}, {1, 3}, {3}}
which is an example of the family of codes that was originally found by Frank Gray [4] .
One recognizes at once that we are simply asking if a certain graph has a Hamilton path or not, a notoriously difficult problem in graph theory. The vertices are the objects in the set S, and there is an edge from object u to object v if there is an elementary transformation that takes u to v.
It is often natural to consider whole families of S at one time, rather than just a single S. Equivalently, one can ask whether every member of a certain family of graphs has a Hamiltonian path. An example is the family of all Cayley graphs associated to pairs (G, T ) in which G is a group and T is a set of generators for G. One of the major outstanding problems of the field is to decide whether all such Cayley graphs are Hamiltonian. That is, is it true that we can make a list of the group elements in such an order that each element g is obtainable by the application of a single generator or its inverse to its immediate predecessor? This problem seems very difficult.
For surveys of the general topic of Gray codes, for many more examples of such codes in a variety of combinatorial families, and for pointers to recent literature in the subject we suggest [1, 3, 6, 8 ].
1.2. About this paper. In this paper, we study a numerical obstruction to being able to list in Gray code order a collection of subsets of {1, . . . , n}. We show that this obstruction grows exponentially in n for the collection of "g-blockfree" subsets of {1, . . . , n} if and only if g > 2. The obstruction in question is one of an infinite family of numerical invariants (described precisely below) which are useful for studying variants of Gray code orders.
We will say that an ordering of a collection S(n) of subsets of {1, . . . , n} is a Gray code order if successive subsets differ by the adjunction or deletion of a single element of {1, . . . , n}. The cardinalities of successive subsets in a Gray code order must alternate in parity. Thus one sees that if d(S(n)) is the difference between the number of elements of S(n) having even (resp. odd) cardinality, then |d(S(n))| − 1 is a lower bound for the cardinality of the complement of any subset of S(n) which can be listed in Gray code order. One should note that there is no guarantee that this lower bound can be achieved.
For g ≥ 2, define the collection B(n, g) of g-blockfree subsets of {1, . . . , n} to be the set of all subsets S of {1, . . . , n} such that |a − b| ≥ g if a, b ∈ S and a = b. We will describe explicitly a Gray code order for B(n, 2). In contrast, for g > 2 we find the precise (positive) exponential growth rate of d(B(n, g)) with n as n → ∞. This provides a lower bound which increases exponentially with n for the size of the complement of any subset of B(n, g) which can be listed in Gray code order.
It remains an open question to discover how close one can come to achieving this lower bound. For example, the size of B(n, g) also grows exponentially with n at a rate strictly larger than the growth rate of d(B(n, g)). Thus we do not know if one can find for all n a subset of B(n, g) listable in Gray code order whose size is at least a fixed positive fraction of the size of B(n, g).
FAMILIES THAT ARE FAR FROM GRAY CODE LISTABILITY 381
Given a collection S = {S(n)} ∞ n=1 as above, we consider the following numerical invariants generalizing the growth rate as n → ∞ of the parity difference function d(S(n)). Suppose v ≥ 1 and that h : Z → C is a nonzero complex valued function which is periodic mod v. If exists and is positive, we will say S has an exponential color at h. If this is true for all nonzero h and v ≥ 1, we will say S is exponentially colorful. This terminology arises from assigning a color to each residue class modulo v, and from considering the sum S∈S(n) h(#S) to be the output of a color detector described by h when applied to S(n). The condition c h,S > 0 signifies that the strength of the mixture of colors in the elements of S(n) which is measured by the detector associated to h increases exponentially with n as n → ∞.
Suppose v = 2 and that
, and we have seen |d(S(n))| ≤ 1 if S(n) can be listed in Gray code order. Thus S cannot be exponentially colorful if the S(n) have Gray code orders.
In contrast, we will show that B(g) = {B(n, g)} ∞ n=1 is exponentially colorful for g > 2, and we will evaluate the constant c h,B(g) explicitly for all h. ( If g = 2 and S = B(2) the same calculation shows c h,B (2) > 0 unless h is a constant multiple of the function h −1 above.) The proof uses generating functions and results of Fel'dman on linear forms in logarithms of algebraic numbers. This implies, for example, that if g ≥ 2, v > 1, m, d > 0 and (g, v) = (2, 2), then for sufficiently large n the elements of B(n, g) cannot be listed in such a way that
where #a l is the cardinality of the l th element a l on the list. (There is in fact a lower bound which increases exponentially with n for the size of the complement of any subset of B(n, g) which can be listed in this way.) However, we will show in Section 7 that the elements of B(n, g) can be listed so as to satisfy the less stringent adjacency requirement that successive elements differ by the adjunction and/or deletion of an integer from {1, . . . , n}.
In Section 8 we show that, over an A-letter alphabet, the words of length n which contain no block of k identical letters cannot, in general, be listed so that successive words differ by a single letter. However, we show in Section 9 that if k > 2 and A > 2 or if k = 2 and A > 3, such a listing is always possible.
We note some related work in Section 10.
Sets with no consecutive elements
We will say that a set
The blockfree subsets of {1, 2, 3, 4, 5}, for example, are ∅, {1}, {2}, {3}, {4}, {5}, {1, 3}, {1, 4}, {1, 5}, {2, 4}, {2, 5}, {3, 5}, {1, 3, 5}. (2.1)
There are 13 such subsets of {1, 2, 3, 4, 5}. In general, it is an ancient result that there are F n+1 , the Fibonacci number, blockfree subsets of {1, . . . , n}, the proof being via the obvious recurrence and initial conditions. We would like, for a given n, to list these sets in Gray code order, i.e., in a sequence such that we can always pass from a set to its successor by the adjunction or deletion of a single element. For example, the list (2.1) can be placed in such a sequence as {1, 4}, {4}, {2, 4}, {2}, ∅, {1}, {1, 3}, {3}, {3, 5}, {1, 3, 5}, {1, 5}, {5}, {2, 5}. This is not hard to do, by taking a cue from the Fibonacci recurrence. We use the notation [L, L ] for the list that is obtained by taking first the elements of the list L and then those of L . The list L is L with its elements listed in reverse order. The list a ⊗ L is obtained by adjoining the element a to each set in the list L.
Consider 
Proof. The proposition is certainly true for n = 0, 1. Suppose it is true for 0, 1, . . . , n − 1. Then step (b) of the construction shows that the first and last members of L n are as claimed. Since each of the components of step (b) are Gray codes, by induction, it remains only to show that the transition from the last member of the list L n−1 to the first member of the list n ⊗ L n−2 requires only a single adjunction or deletion. In fact, one can readily check that the transition is accomplished simply by adjoining the element n.
A generalization
Say that a set a 1 < a 2 
) denote the collection of g-blockfree subsets of {1, 2, . . . , n}. Then B(n, 2) is just the collection of blockfree subsets of {1, 2, . . . , n} from Section 1 and B (7, 3) is the set {∅, {1}, {2}, {3}, {4}, {5}, {6}, {7}, {1, 4}, {1, 5}, {1, 6}, {1, 7}, {2, 5}, {2, 6}, {2, 7}, {3, 6}, {3, 7}, {4, 7}, {1, 4, 7}}.
B(n, g) can be recursively defined for n ≥ 0, g ≥ 1 by
Definition 3.1. Suppose T is an ordered list of subsets of {1, . . . , n}. Let a l be the l th element with respect to the given ordering, and let #a l be the cardinality of a l . Let m, v and d be positive integers. We will say the ordering of T is eventually periodic mod v of period m starting at position d if
We will say T is in Gray code order if the successor of each element of T differs from that element by the adjunction or deletion of a single element. In Theorem 6.4 below we discuss a recurrence condition on an ordering which forces it to be eventually periodic. If T is in Gray code order, then the parities of the orders of successive elements of T must alternate, so T is eventually periodic mod 2 of period 2 starting at position 1.
We can now state our main result concerning Gray code orderings of B(n, g). 
In particular, if n is sufficiently large, it is impossible that T = B(n, g).
The lim sup of the constants c in Theorem 3.4 which result from our method is given in Theorem 7.5. This method relies on numerical invariants of collections of subsets of {1, . . . , n} which are defined in the next section.
Colors of collections of subsets of {1, . . . , n}
We begin this section by attaching some numerical invariants to collections of subsets of {1, . . . , n}. Definition 4.1. Suppose T is a collection of subsets of {1, . . . , n} and that v ≥ 1 is an integer. Let V (v) be the C vector space of all functions h : Z → C which are periodic mod v, i.e. for which h(a + v) = h(a) for all a ∈ Z. Let , be the Hermitian inner product on
Define the color distribution of T to be the function C(T ) ∈ V (v) such that for all j ∈ Z, C(T )(j) ∈ Z is the number of subsets S ∈ T for which #S ≡ j mod v. The color of T with respect to h ∈ V (v) is defined to be
is the cardinality #T of T , and d h−1 (T ) is the difference between the number of elements of T of even cardinality and those of odd cardinality.
The following properties of d h (T ) are clear.
Theorem 4.3. The function h
dual be the character group of Z/v. By character theory, we have
for some constants a χ ∈ C which are uniquely determined by h. Then
We will call d χ (T ) the primary color of T associated to χ ∈ (Z/v) dual .
Theorem 4.4.
For all collections T and T of subsets of {1, . . . , n} one has
One has
The following result is useful for bounding from below the cardinalities of complements of subsets of collections of subsets of {1, . . . , n}. 
The lower bounds in (4.7) are continuous functions of the image
is compact, these lower bounds assume a maximum at some [h] .
Proof. This is clear from Theorem 4.4.
Corollary 1. Suppose that for some
Example 4.6. Suppose T is a subset of {1, . . . , n} which is in Gray code order. Define h −1 (j) = (−1) j for all j ∈ Z. Then
since the parities of successive elements of T alternate. Thus (4.7) shows
Colorful sequences
Rather than considering d h (T ) for a fixed T , it is useful to consider the asymptotic behavior of d h (T ) as T ranges over some infinite set. The following definition generalizes the one given in the introduction.
be an infinite sequence of collections S(n) of subsets of {1, . . . , n}. Let G : Z → R be a function such that lim n→∞ G(n) = +∞. Suppose v ≥ 1 and that h : Z → C is a nonzero function which is periodic mod v. Let log + (r) = max(log(r), 0) for r ≥ 0. Define
If these limits (which lie in R ≥0 ∪ {±∞}) are equal, we will denote their common value by c(h, G, S). We will say that S has a color at h with respect to G if c(h, G, S) exists and is positive.
Example 5.2. If G(n)
= n for all n, we will call c(h, G, S) the exponential color of S at h, which we will abbreviate to c h,S .
Example 5.3. The most intrinsic choice of
exists in this case, we will call it the natural color of S at h. Note that c
for some constant δ which depends only on h, and G(n) → ∞ by assumption.
The following result clarifies the variation of color functions with h. 
Theorem 5.4. Recall that V (v) is the C vector space of all functions
h : Z → C which are periodic mod v (cf. Definition 5.1). Fix G as in Definition 5.1. For all q ∈ R ∪ {∞}, the subset V (v, q) = V (v, q, S) = {h ∈ V (v) : c + (h, G, S) ≤ q} (5.3) is a C-subspace of V (v). These subspaces form a nondecreasing filtration of V (v) = V (v, ∞,
S). The breaks in the filtration occur at a finite subset {q
for some constant δ which depends only on α 1 and α 2 . Since G(n) → ∞ as n → ∞, equations (5.1) and (5.5) show 
Proof. Given j, there are unique a ∈ Z and b ∈ R such that − 
We now discuss some examples of T of bounded almost periodicity.
Theorem 6.3. Suppose that T is periodic mod v of period m starting at position d, in the sense of Definition 3.1. Then
s m (T ) ≤ m + d − 1. (6.2)
Thus eventually periodic sequences have almost periodicity bounded by a function of m and d alone.
Proof. We can find an initial interval T 0 of elements in the ordering of T such that #T 0 ≤ d − 1 + m and so that as a runs over T − T 0 , the congruence class #a mod v runs over an integral number of periods of length m.
where 
Lemma 6.5. Suppose h ∈ V (v). Then with the notation of Definition 6.1,
by Definition 4.1. We now sum over j = 1, . . . , v the product of h(j) with the right side of (6.1) to have
Since |E m (j)| ≤ s m (j) for all j, (6.7) gives (6.5).
Corollary 2. If h ∈ V (v) and h, C m (T ) = 0, then
|d h (T )| = | h, C(T ) | ≤ s m (T ) · v · M (h). (6.8)
Thus if T ⊂ T for some collection T of subsets of {1, . . . , n}, and h = 0, then (4.7) implies
where M (h) = max{|h(j)| : j ∈ Z}, c − (h, G, S) is defined as in Definition 5.1 and , is the usual Hermitian inner product on
Example 6.7. Suppose c(h, G, S) is well defined for all h ∈ V (v). Then c(h, G, S)
is determined by where h lies in the filtration 
Proof. Suppose T is as in the statement of the theorem and
for n sufficiently large. Hence (6.11) shows that any c 0 > 0 will suffice for n sufficiently large, so if c 0 > 0 is sufficiently small, we will have the required lower bound for all n.
The color of B(n, g)
To state precisely our main result concerning d h (B(n, g)), we require Definition 7.1. Suppose ω is a root of unity and g ≥ 2. Define f ω (x) = 1−x−ωx g . Let r ω be the minimal absolute value of a (real or complex) root of f ω (x). Suppose now that h : Z → C is a periodic function mod v for some integer v ≥ 2. By (4.3), we can write 
In this case, the exponential color c h,
at h with respect to the function G(n) = n is 0 (cf. Example 5.2) . Suppose now that g = 2 or that h = c · h −1 for all constants c. Then r h < 1 and
The convergence of the limit (7.4) can be shown effectively. (B(n, g) )| is the strength of the primary color of B(n, g) which is associated to the character χ. Theorems 7.2 and 7.3 show that the rate of growth with n of the strength |d h (B(n, g) )| of an arbitrary color of B(n, g) can be determined in the following way. First write h = χ a χ χ as a linear combination of characters, and assume h = 0. There will be a character χ for which c χ,B(g) is maximal among all χ which appear in h, i.e. for which a χ = 0. This χ will be unique if a χ = 0 and will be determined up to complex conjugation otherwise. As n → ∞, the linear combination
of primary colors becomes the dominant term in the formula (4.3) for d h (B(n, g)) , and 
.
for some constants a χ as in (4.2) . Then
Proof. It follows immediately from (3.1) above that
If we multiply (8.4) by x n y k and sum over n, k we obtain the second equality in (8.1) after the usual manipulation. The third equality in (8.1) is then checked by cross multiplying. Now (8. g . In view of Definition 7.1, this implies r h is a lower bound for the radius of convergence of the power series on the right side of (8.3) . This lower bound is consistent via (8.3) and the root test of freshman calculus with the growth rate for d h (B(n, g)) as n → ∞ which is stated in Theorem 7.2. We cannot prove Theorem 7.2 directly in this way, though, since the radius of convergence of a power series does not determine bounds on all of its coefficients. 
For h as in (8.2) and n ≥ g − 1 one has
Here each of the α i (χ(1)) are algebraic integers.
Proof. Suppose t is a common root of f ω (x) = −ωgx g−1 − 1 and f ω (x). Then 0 = gf ω (t) − tf ω (t) = (1 − g)t + g, so t = g/(g − 1). But then |t| > 1, so 0 = |f ω (t)| ≥ |−ωgt g−1 |− 1 > 0, which is a contradiction. If follows that f ω (x) and f ω (x) have no common roots, so f ω (x) has simple roots. Because f ω (0) = 0 = f ω (1), none of the α i (ω) are in {0, 1}. Hence by partial fractions we have
which proves (8.6). Now (8.7) follows from (4.3). If ω is a root of unity (such as χ (1)), then α i (ω) is a root of x g + ω −1 x − ω −1 . Since ω −1 is an algebraic integer in this case, so is α i (ω). Formula (8.7) shows that for a fixed g, |d h (B(n, g))| is bounded above by an exponential function of n. To determine when exponential growth is in fact achieved, we now analyze the roots of f ω (x).
Theorem 8.4. Suppose g > 1 and that |ω|
Proof. Note first that neither µ nor µ is 0, since f ω (0) = f ω (0) = 0. If µ = µ , then
Suppose now that µ = µ . Then since |ω| = |ω | = 1,
Hence µ and µ both lie on the circle of radius r about 0 and the circle of radius |µ − 1| about 1. Since these circles intersect in the two distinct points µ and µ , they must intersect in exactly these two points, which must be nonreal and complex conjugates. Therefore µ = µ. Hence µ is a root both of f ω (x) and f ω (x), so by what we have already shown, ω = ω. 
and this is readily checked to lie in {0, c, −c}.
Lemma 8.5. Suppose g > 2 or that g = 2 and h is not a constant multiple of h −1 . Write
for some constants a χ as in (4.2) . Let C be the set of characters χ for which a χ = 0. There is a character χ ∈ C such that 1 > r h = r χ(1) = r χ(1) < r χ (1) for all χ ∈ C − {χ, χ}, where r h and r χ (1) 
Proof. For large n, the dominant terms on the right-hand side of (8.7) arise from the α i (ξ(1)) of smallest absolute value as ξ ranges over all characters of Z/n for which a ξ = 0. Lemma 8.5 shows the only roots which can contribute to the dominant term are θ and θ. If θ = θ, then there is just one dominant term and we are done. If θ = θ, then in view of (8.7), the inequality (8.13) will insure that the sum of the terms coming from θ and θ dominates the rest of the terms and has the order of growth required for Theorem 7.2. Theorem 7.3 then follows from Lemma 8.5.
To produce a lower bound of the form (8.13), we will use the following result of Fel'dman [2] about linear forms in logarithms of algebraic numbers. (Stronger results about linear forms in logarithms are available, but to keep the statement of Theorem 7.2 simple we will leave it to the reader to consider the resulting refinements.) 
Proof. We have A 1 = 0 by the choice of θ in Corollary 9. If |A 2 | = |A 1 |, then
when c 0 = ||A 1 | − |A 2 ||, so we have a lower bound of the required form. Assume now that
This is equivalent to the statement that
Since 0 < c 0 /|A 1 | < 1/2 by assumption and r > |θ|, we get |t| < 1/2 in (8.18). Thus
The left-hand side of (8.19 ) is the absolute value of the principal branch of the complex logarithm at 1 − t. We now take logs of the equality −β Proof. We first observe that Theorem 8.6 gives an effectively computable upper bound on the H ≥ n for which one can have an inequality of the form (8.15) for some n > c 1 in which the left-hand side of (8.15) is not equal to 0. Thus in view of Corollary 9 and Lemma 8.7, to complete the proof of Theorem 7.2 we need only show c 1 can be increased in an effectively computable way so that the left side of (8.15) cannot be identically 0 if n > c 1 . If the left side of (8.15) equals 0, we have on exponentiating that
Assume θ/θ is not a root of unity. If (8.24) holds, then A 1 /A 2 = ±(θ/θ) n lies in the number field L generated over Q by θ and θ, and A 1 /A 2 cannot be a root of unity. One can determine effectively a finite set S of finite places of L such that A 1 /A 2 is an S-unit of L. One can furthermore determine effectively a finite set of generators for the group U S of S-units of L. The torsion subgroup µ L of U S is the group of roots of unity in L, and U S /µ L is a free finitely generated abelian group. Since A 1 /A 2 is not a root of unity, it defines a nonzero element [
in terms of a basis over Z for U S /µ L we can bound the even integers 2n > 0 for which [A 1 /A 2 ] has a 2n th root in U S /µ L . This gives an effective way to increase c 1 so that n > c 1 implies (8.24) cannot hold, provided we know that θ/θ is not a root of unity.
In view of Corollary 10, the following result completes the proof of Theorems 7.2 and 7.3, since θ in Corollary 9 is not a root of unity. 
Proof. Since ζα = α is a root of f ω (x) = −ωx g − x + 1, we have
Since f ω (0) = 0, we see that α = 0. Hence since ζ = 1, (8.27) implies α g · (−ω + ωζ g ) = 0. Therefore ζ g ω − ω = 0, and (8.27) gives
This implies 0 = ζ g ω − ζω, and we now solve (8.29) for α to get (8.25).
Corollary 11. Suppose F = C is the field of complex numbers. Let ζ 1/2 be one of the two square roots of ζ, so that ζ 1/2 is a root of unity. Then Proof. From (8.30) we see that β 2 = ζ · α 2 is an algebraic integer because ζ and α are. Corollary 11 shows that β 2 is totally real and totally positive because β is totally real and nonzero. Suppose σ is an automorphism of C over Q. 2 , where σ(ζ) is a root of unity and σ(α) is a root of f σ(ω) (x). Here σ(ω) is a root of unity because ω is. Hence Lemma 8.10 implies
Since β 2 is totally positive, (8.31) shows that if g > 2, β 2 − 1 is an algebraic integer having all of its conjugates in (−1, 1). The norm of β 2 − 1 is the product of these conjugates and is a rational integer. Hence this norm must be 0, so β 2 = 1 and β = ±1.
For the rest of the proof we suppose g = 2. Since β 2 is totally positive, (8.32) implies β 2 is an algebraic integer having all of its conjugates in [ , r
a be as in Lemma 8.11. We conclude now from Lemma 8.11 that r(β 2 ) is an algebraic integer having all of its conjugates in the real interval (0, 1). The norm of r(β 2 ) must then be a rational integer of norm less than 1 in absolute value, so in fact r(β
0 ) a , we conclude that β 2 ∈ {1, 2, r Call two sets adjacent if they differ by the adjunction and/or deletion of an element.
For n ≥ 0 and g ≥ 1, define the list L n,g recursively as follows:
It follows from one or two applications of (3.1) that L n,g , so defined, is a listing of the elements of B(n, g). We now show that it is a pale-Gray code.
Theorem 9.1. For n ≥ 0 and g ≥ 1, the list L n,g is a pale-Gray code listing of B(n, g). Furthermore, if n > 0, the first member of L n,g is the set G n,g , and its last member is the set G n−1,g , where
Proof. Clearly the theorem holds for n = 0. Let n > 0 and assume the theorem holds for all B(m, g) with g ≥ 1 and 0 ≤ m < n. , g) , beginning with G n−2,g = {n − 2} and ending with G n−1,g = {n − 1}. Since G n,g = {n} is adjacent to {n − 2}, the theorem follows.
If g + 1 ≤ n < 2g, the list L n,g is constructed as in (c). Note that g = 1 since no n satisfies 2 ≤ n < 2. By induction, L n−g−1,g and L n−1,g are pale-Gray codes which start and end with the sets given by the theorem. Then if g + 1 ≤ n < g + 2, the theorem follows, since (c) gives
Otherwise, for g + 2 < n < 2g, list n ⊗ L n−g−1 , g begins with {n, n − g − 2}, which is adjacent to {n, n − g} = G n,g , and ends with {n, n − g − 2} which is adjacent to {n − 2, n − g − 2} = G n−2,g , the first element of L n−1,g . Since L n−1,g ends with G n−1,g , the theorem follows.
For n ≥ 2g, the list L n,g is constructed by step (d) and by induction, lists L n−2g,g , L n−g−1,g and L n−1,g are pale-Gray codes which begin and end with the sets specified by the theorem. Specifically,
(Note that if n = 2g, this list contains only one set, namely {n, n − g}.) Similarly, and
The theorem follows by observing the adjacencies between successive composite lists in step (d).
As an example, Figure 1 shows the pale-Gray code listing of L 10,3 resulting from the construction of Theorem 9.1.
Blockfree words
Consider a word w over an alphabet A of A letters. We say that w is k-blockfree if w contains no block of k or more consecutive identical letters. If A, k, and n are fixed, we ask if there exists a Gray code listing of all of the k-blockfree n-letter words over A , where the Gray code condition means that successive words differ in only a single letter.
It turns out that the cases A = 2 and A ≥ 3 are quite different. Consider first A = 2, so we are trying to make a list of all strings of n bits that have no blocks of k or more consecutive 0's or 1's, arranged so that consecutive elements of the list differ in a single bit position. For this to be possible it is obviously necessary that the number of such blockfree words that have an even number of 1's differs by at most 1 from the number of such blockfree words that have an odd number of 1's. We will compute this excess as a function of n and k:
where f (n, h, k) is the number of n-bit strings that have exactly h 1's, and no block of k or more consecutive 0's or 1's. Let F (n, h, k) be the set counted by f(n, h, k), let f 0 (n, h, k) be the number of bit strings in F (n, h, k) which start with '0' and let f 1 (n, h, k) be the number which start with '1'. Since
o t h e r w i s e .
We focus on the cases when n is even and show that there are pairs (n, k) for which which means that the coefficient of y n in the series on the right is the excess of the number of words with an even number of 1's over the number with an odd number of 1's in our class of k-blockfree bit strings of length n which start with a '1'.
If we now double these generating functions, to take account of the excess among words that start with a '0', we see that when n is even, a Gray code is possible for n-bit k-blockfree strings, if k is even, only if n is neither ≡ 1 mod k nor ≡ −1 mod 2k, and if k is odd, only if the coefficient of y n in the series
vanishes. Since n is even, a Gray code is not precluded for k even. However, in tabulations for n = 2, 4, . . . , 98, and k = 3, 5, 7, 9, we find that for n ≥ k in this range, the coefficient of y n in (10.2) vanishes only for (n, k) in the set {(5, 8), (7, 10), (7, 11) , (7, 18 ), (7, 28) , (9, 12), (9, 14), (9, 16), (9, 22), (9, 24), (9, 26), (9, 32), (9, 34), (9, 42), (9, 54)}.
In fact, it appears from more extensive tabulation, that for each odd k, the coefficient of y n in (10.2) never vanishes once n becomes large enough.
Alphabets of more than two letters
If A = {a, b, c}, it is not possible to list the 2-blockfree words of length 3 over A. For example, both bca and acb must be listed between aca and bcb, the only two words to which they are adjacent. However, for alphabets with more than two letters we do have the following. 
Remarks
We mention some related work for blockfree words. In [5] , Guibas and Odlyzko give a generating function for the number of words over an alphabet A which do not contain any of a finite given set of strings. This can be applied to obtain a generating function for the number of k-blockfree n-letter words over A by choosing the set of patterns to be {a k |a ∈ A}, from which we must then compute the parity difference to get the result of Section 10.
In [7] , Squire studies the existence of Gray codes for n-letter words over A which do not contain a given string. For the case of k-blockfree words, Squire's results do not apply since we are dealing with a set of several forbidden strings. However, the special structure of these strings allows us to construct a simple Gray code.
It is interesting to note that there are cases where, according to [7] , Gray codes do not exist if the forbidden string is a k for some a ∈ A, k > 1, but, according to our results, do exist when the set of forbidden strings is {a k |a ∈ A}.
